Abstract. In this paper we prove that d-boundaries
Introduction
Let Z ⊂ R 2 be a compact set. [4] and [6] [3] ) that D d is a boundary of a compact convex set, thus it is a closed curve of class C 1,1 .
In this paper we prove that d-boundaries of a compact Z are closed absolutely continuous curves for d greater than some constant depending on Z. The result can be considered complementary to the Federer's concept of sets with positive reach (see [3, p. 432]) . It is also shown that D d is a trajectory of solution to the Cauchy Problem of a differential equation with a discontinuous right-hand side.
In Section 2 we familiarize the reader with the method used and prove lemmas which we need further to establish our result in Section 3. Some additional remarks are given in Section 4.
Definitions and auxiliary lemmas
where co X stands for the convex hull of X.
Sketch of proof. First prove that the multivalued function
is u.s.c. in U . Then prove that co T (x) and, finally, S(x) are u.s.c. in U .
With every point x ∈ D[a, b] we will associate a certain vector f (x) ∈ S 1 = {x ∈ R 2 : x = 1} so that we can consider and solve the Cauchy problem with the right-hand side equal to f (x). In general, the vector field f can be discontinuous, so we will go into differential inclusions to solve the problem.
and all e ∈ S(x), and
, there is a unique e x ∈ S(x), e x = 1, for which the following conditions are fulfilled (b1) the pair of vectors {f (x), e x } has the orientation O, and (b2) the equality e x , f (x) = 0 holds.
Proof. Since Z is closed and (co Z) ∩ D[a, b] is empty, it follows that the cone S(x) and the dual cone T (x) = {f ∈ R
2 : e, f ≤ 0, for each e ∈ S(x)} are closed and convex, and S(x) do not contain any (straight) line. Consequently,
one can find exactly two pairs (e x , f (x)) for which (b2) is satisfied. Uniqueness of e x and f (x) follows from (b1).
that there exists e ∈ S(x) for which e, k = 0 and the pair of vectors {e, k} has the orientation O. Moreover, let
The next two lemmas deal with local solutions to the problem
We say that x(t) is a solution to (1) in A if x(t) is absolutely continuous (i.e. x has a finite derivative a.e. in A) and the inclusion is satisfied a.e. in t ∈ A.
, then there exists a local solution to the problem
and the trajectory of this (absolutely continuous) solution lies in D[a, b].
Proof.
, we can restrict our attention to the inclusion 
Proof. Let us take a, b ∈ R such that 0 < a < b, d ∈ (a, b) and (co Z) ∩ D[a, b] = ∅. By Lemma 2.3, there exists a local solution y(t) to (2). We claim that the trajectory of y(t) lies in D d . Let w(t) = dist(y(t), Z). Since w(t 0 ) > 0, we have w(t) > 0 in a neighbourhood V of t 0 and y (t) exists almost everywhere in V . From [2, Theorem 2.2.1] it follows that w (t) = min y(t) − z, y (t) w(t) : z ∈ Z y(t),w(t)
a.e. in V , where Z y(t),w(t) = {z ∈ Z : y(t) − z = w(t)}. For each f ∈ K(y(t)) there exists z ∈ co Z y(t),w(t) such that z − y(t), f = 0, so w (t) ≤ 0 a.e. in V . Now, let us change the plane orientation O to the opposite one −O, and consider the problem
. Thus the solution y(t) to (3) corresponds to a solution (let us call it y 1 (t)) to the problem (4) in such a way that both y and y 1 have the same trajectory in a neighbourhood of x 0 , i.e. y 1 (t 0 + t) = y(t 0 − t). For w 1 (t) = dist(y 1 (t), Z) we have
a.e. in a neighbourhood V 1 of t 0 . Since
we conclude that w (t) = 0 for almost all t ∈ V ∩ V 1 . The distance function is absolutely continuous, so Proof. Since Z is compact there exists a closed ball K s,r of radius r centered at s ∈ co Z such that Z ⊂ K s,r . Let
Main result
where ∂K s,r is the boundary of K s,r . Suppose d > a 0 and notice that (co Z)
The distance function is continuous, so the intersection of D d and every halfline starting at s is not empty. Using elementary geometry it is easy to prove that every such intersection has no more than one point.
For each p ∈ D d we consider the problem x (t) ∈ K(x(t)) with x(t 0 ) = p and obtain the solution which trajectory is an absolutely continuous curve lying in a neighbourhood x (t) = f (x(t)), a.e. in t ∈ R,
the trajectory of the solution to the problem (5).
Proof. We will use the notations introduced in the proof of Lemma 2.5.
(a) Since w (t) = 0 we have
where
We only need to apply Lemma 2.2 to prove y (t) = f (y). Actually, condition (a) of Lemma 2.
is fulfilled with e = (z − y(t))/w(t), z ∈ co Z y(t),w(t) . Because Z y(t),w(t) is closed there exists z y ∈ Z y(t),w(t) satisfying (y(t) − z y )/w(t), y (t) = 0 -condition (b2). Finally, the orientation condition (b1) follows from y (t) ∈ K(x).
(b) follows from (a) and the proof of Theorem 3.1.
Final remarks
Following [4, Theorem 6.1 and its Corollary] we prove the following theorem. Proof. Proof follows from Theorem 4.1 and Lemma 2.1.
